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The results of an analytical and experimental study of compressible, axially symmetric, tur-
bulent free jets exhausting into quiescent air are presented. A finite-difference technique
wos used to obtain a generol solution which has eliminated the need for the simplifying as-
sumptions required in previous investigations. The jet Mach number and jet temperature rotio
have been found to be the only two initial jet properties which are necessory to characterize
the dimensionless velocity and temperature variations in this type of jet. Modifications of
dynamic eddy transfer coefficients given in the literature are used in the solution An ex-
perimental program was carried out to obtain data on free jet velocity and temperature vari-
ation ot high initial jet temperatures and high sub Mach numbers where there has
been o lack of experimental data. The numerical solutions of the time-averaged conservation
equations have been shown to agree well with the experimental dato of the present study

and of previous investigations.

The frequent use of compressible, turbulent gas jets
in modern aerospace, chemical, and mechanical technol-
ogy has led to a need for information which will permit
more accurate prediction of the temperature and velocity
fields in these jets. This paper reports the results of nu-
merical calculations and experimental studies that extend
the presently available methods of describing free jet
characteristics.

The structure of the compressible, axially symmetric
free jet can be described in terms of three flow regions
(Figure 1). The potential core region extends to the
point where the turbulent mixing region reaches the jet
axis. This region is, of course, not necessarily identical
for velocity and temperature. The next region is a tran-
sition region where the spread of the jet in the radial
direction and the axial decay of the center line properties
are very rapid. This is followed by the fully developed
region where the radial spread of the jet is nearly linear
with respect to axial distance. The greater the compressi-
ble effects, the greater is the deviation from linearity.

There are many problems which arise in connection
with any numerical approach to the problem of solving
for temperature and velocity as a function of position
in the compressible jet. One is the nonexistence of simi-
larity (1) in the profiles (as distinct from the case for
incompressible flow). The model must also take into ac-
count the fact that the jet only becomes fully developed
a certain number of nozzle diameters downstream from
the nozzle. Therefore a complete treatment must include
the potential core region and the transition region, as
well as the fully developed portion of the jet. The bound-
ary conditions also are a source of difficulty. These in-
clude the prescribed conditions at the nozzle (that is,
flat or other types of profiles) and the conditions at an
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infinite radial distance (that is, whether the jet is ex-
hausting into a moving gas stream or into quiescent sur-
roundings).

Because of these problems, most of the available cal-
culational techniques had to emplc;y various simplifying
assumptions that limited their usefulness. Much of the
work has been restricted to the problem of axial velocity
and temperature decay, while the question of the radial
variation of these quantities has not been dealt with
extensively. Another limitation in previous work has been
that even when nonisothermal systems were being stud-
ied, the range of temperatures used in experimental stud-
ies was usually too small to bring out variations in the
eddy transfer coefficients with density. It was the in-
tent of the present study to overcome some of these
limitations.

Some of the previous work in this field will be re-
viewed briefly. Kleinstein (2) obtained solutions for
velocity, temperature, and concentration profiles in the
fully developed region of a turbulent, compressible free
jet by solving the linearized boundary-layer equations.
Pai (3) solved the transformed boundary-layer equations
by using a finite-difference technique. Warren (4) cal-
culated the axial variation of velocity and temperature
in a compressible jet by using an integral method and
obtained the radial variation of velocity in the potential
core and fully developed jet from universal profiles. Szab-
lewski (5) developed an analysis which used a similarity
parameter and numerical integration of the boundary-
layer equations to obtain velocity and temperature pro-
files in the core region. Other investigators have also
treated various aspects of the compressible free jet prob-
lem (6, 7). These solutions, however, were all subject to
one or more of the following limitations: restriction to
flows where initial velocity and temperature profiles
could be represented by step functions, restriction to a
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Fig. 1. Structure and nomenclature of a compressible, turbulent,
axiolly symmetric free jet.

turbulent Prandt] number of unity, restriction to the case
of a jet exhausting into a moving external stream, and
restriction to speci%c regions of the flow field.

Little experimental data are available on heat and
momentum exchunge in compressible jets at high sub-
sonic Mach numbers. Comrsin and Uberoi (I) obtained
experimental data for elevated temperature, low Mach
number flows, while Warren (4) and Snedecker and
Donaldson (8) obtained data on jets of subsonic and
supersonic speeds at relatively low temperatures.

In the present investigation data have been obtained
for round, subsonic turbulent jets of air emerging from
cylindrical nozzles (% and 3 in. in diameter) into still
room temperature air. Initial jet temperatures ranged up
to 1,300°F. and Mach numbers ranged from 0.6 to 0.85.
The calculational technique uses a variation of a finite-
difference technique due to Abbott (9). Solutions are
obtained for free jet injection into a medium at rest
where initial free jet velocity and temperature profiles
are assumed to be step functions. Dynamic eddy transfer
coefficients are defined for the turbulent, compressible
flow.

Fairly good agreement is obtained between the cal-
culated axial and radial distributions of axial velocity
and temperature and the data from this cxperimental
study and those of Corrsin and Uberoi (1). Although
the solutions presented in this paper are for one specific
physical situation, the same finite-difference technique
can be used for the calculation of velocity and tempera-
ture fields in jets exhausting into a uniform external
stream, jets with initial profiles of velocit}y and tempera-
ture of an arbitrary shape, and jets with variable fluid
properties.
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Fig. 2. Schematic diagram of the finite-difference network.

Vol. 13, No. 5

AIChE Journal

ANALYSIS

A schematic diagram of the free jet showing the co-
ordinate system used is shown in Figure 1. The bound-
ary-layer equations for the conservation of mass, momen-
tum, and energy in the turbulent, compressible, axially
symmetric free jet are

bi] 1 9
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The heat capacity and the static pressure are assumed to
be constant in these equations. The assumption of con-
stant static pressure has been shown to be a valid as-
sumption for subsonic free jets (7). All densities, veloci-
ties, and temperatures have been time smoothed for tut-
bulent flow. The houndary conditions for this free jet

flow are
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Equations (1) to (3) are now made dimensionless.
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Fig. 3. Schematic sketch of the equipment.
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The transformed boundary conditions in dimensionless
form become
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For incompressible jets, expressions for the eddy kine-
matic viscosity have been obtained semiempirically in
terms of parameters of the main jet flow with either
Prandtl’s constant exchange coefficient, von Karman’s hy-
pothesis, or Taylor’s vorticity theory (10). Solutions in-
corporating these expressions have agreed well with ex-
perimental data. Therefore the expressions for eddy kine-
matic viscosity derived with these theories have become
generally accepted for the solution of incompressible free
jet flows.

For compressible free jet flows, however, the mechan-
ism of the transport phenomena has not been semiem-
pirically determined, and few empirical formulations have
resulted in solutions which compare well with experimen-
tal data. Kleinstein (2) has stated that a dynamic eddy
transfer coefficient pe, must be used as a measure of the
transport phenomena for compressible flows. Using a semi-
empirical approach he deduced the following form for this
transfer coefficient:

D
Pe, = 00183 P,% v, > (7)
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Fig. 4. Comparison of the analysis with experimental dota for the
axial decay of axial velocity and temperature.

Page 950

AIChE Journal

1.0
0 A caDATA FROM REFERENCE (1)
M=07 D=1" tj/ta= 2.02
g N\ | —ANALYsis |
s x |
=
S & _—— TEMPERATURE
Z 4 \\
< )\‘
X VELOCITY \
>
’ ~_
o
0 ]
0 1 2 3

R, NOZZLE DIAMETERS

Fig. 5. Comparison of the analysis with experimental data for the
radial distribution of axial velocity ond temperature at Z = 13.

Warren (4), in his analysis of the compressible free jet,
proposed two expressions for the eddy kinematic viscosity,
one for the potential core region and another for the fully
developed jet. These expressions were similar to Prandtl’s
constant exchange coefficient. Warren found, however, that
the experimentally determined constant in Prandtl's con-
stant exchange coefficient was a linear function of the
Mach number at the nozzle exit. Warren’s momentum
transfer coeflicients are

Core region:

Vg
0 = (0.0434 — 0.0069M) (5 —12) — (8)
Fully developed jet:
e = (0.0434 — 0.0069M) 7 ”—2’! (9)

In the present approach Kleinstein’s eddy transfer co-
efficient has been modified slightly to provide a better
correlation with experimental data. The eddy transfer co-
efficient for momentum is

Pe, = k(M) Pa‘/z PMUz]Df(Z) (10)

where

fo(Z) = 0.2 for Z=2Z,,
= 1.0 for Z> Z,,
Zyw=4T73P,~%
k(M) = 0.00972 — 0.00751 M 4 0.00298 M2

Also, if the turbulent Prandtl number is only a function
of axial position, the eddy thermal conductivity may be
expressed as

K= k(M)CpPa%PMPjvszfT(z)/NPr (11)

where
fr(Z) =02 for Z=Z
=10 for Z> Z.r
Zyr=343P,~%
Nppair = 1.0  for Z=1Z.p
=0.715 for Z> Z.r

These transfer coefficients differ from those of Klein-
stein’s analysis (2) by the addition of Py, f,(Z), fr(Z),
and the function of Mach number. Although Kleinstein de-
fined the extent of the core regions for velocity and tem-
perature (Z, and Z.p, respectively), his transfer coeffi-
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Fig. 6. Comparison of the analysis with experimental data for the
axial velocity and temperature.

cients did not apply in the core regions. The addition of
the terms f,(Z) and fr(Z) serves to definc average eddy
transport coeflicients for the core regions. Note also that
the turbulent Prandtl number in the temperature core re-
gion is unity, indicating equal turbulent transport rates
of momentum and cnergy. The turbulent Prandt! number
for the remainder of the flow field has been found to be
roughly constant and very nearly equal to the laminar
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Fig. 7. Comparison of the analysis with experimental dota for the
radial distribution of axial velocity and temperature at Z = T1.
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Prandtl number (I, 2). An analysis of all experimental
data of this study and of previous investigations showed
that the addition of Py an(fthe function of Mach number
would provide an improved axial variation of the fow
properties.

Substituting Equations (10) and (11) into Equations
(3) and (B8), we have
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The finite-difference solution used here is a variation of
the fully implicit method of Abbott (9) for constant-tem-
perature, incompressible, axially symmetric flows. The
following finite-difference approximations for derivatives
at (Z 4 AZ, R) were used:

AR?

Similar expressions were used for the derivatives of radial
velocity, temperature, and density. Another radial deriva-
tive form, which is used in the continuity equation in
order to make the application of the bouncfz;ry conditions
easier, is

Ve Vr(Z +AZR) —Vr(Z + AZ, R— AR) (20)
oR AR

The finite-difference approximations were substituted into
Equations (4), (12), and (14), which, along with Equa-
tions (13), (15), and (16), the equation of state, and the
boundary conditions, comprise the system of nonlinear
algebraic equations to be solved at each point of the
finite-difference network (see Figure 2). Also, it is obvi-
ous that some radial position, at which velocities and tem-
peratures are essentially equal to those at an infinite radial
distance, must be chosen to represent an infinite radial
distance in the numerical calculations. This radial position
was determined by the capabilities of an IBM 7072.

The system of algebraic equations was linearized by
taking the coefficients [shown as the underlined coeffi-
cients in Equations (12) and (14)] of the nonlinear terms
at their known value on the previous line of the network,
or at Z. The resulting system of simultaneous, linear alge-
braic equations was solved by using Thomas’ method (11)
for initial values of V;, Vg, and T at each point of the
line Z + AZ. The computational accuracy was then im-
proved with an jterative procedure, and the solution is
carried downstream to Z + 24Z, etc. A procedure devel-
oped by Wegstein (12) was used to accelerate the itera-
tive process.

Near Z = O smaller step sizes were required (13) to

Wz _ V2(Z+4Z R) —Vz(Z R) (17)  converge to the correct solution than were required further
Z AZ downstream where the gradients are much smaller. The
VYol. 13, No. 5 AIChE Journal Page 951
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Fig. 8. Comparison of the analysis with experimental data for the
axial decay of axial velocity and temperature.

step sizes were increased downstream in order to speed
up the numerical solution. The finite-difference network
in Figure 2 shows only the section of the finite-difference
network containing the smallest step sizes.

EXPERIMENTAL PROCEDURE

A schematic sketch of the equipment, which was built as
part of the equipment for the study of impinging jets and was
used to gather the free jet data, is shown in Figure 3. The
compressible fluid for the free jet was air, which was taken
from the tank of an air compressor. The flow rate of the air
was controlled by a diaphragm type of flow controller and
measured by a metering rotameter. The air flow rate was ex-
tremely steady and did not vary noticeably during the course
of an experimental run. The air then passed into an electrical
resistance heater. The air temperature at the outlet of the
heater was controlled by using on-off pyrometer regulation
of one of the heater’s two electrical circuits. The air then
entered the stainless steel nozzle assembly.

The nozzle assembly consisted of a plenum chamber and a
circular convergent nozzle with a short constant area throat.
The plenum chamber contained three removable sections of
fine screening, and the throat of the nozzle was short to pro-
vide as uniform velocity and temperature profiles as possible
at the nozzle exit. The nozzle assembly was designed to ac-
commodate interchangeable nozzles % and 3% in. in diameter.
Although the temperature of the air was only controlled at
the outlet of the heater, the air temperature at the nozzle,
which was as high as 1,300°F, never varied more than 2°F.
The temperature and pressure of the air were measured in the
plenum chamber. Also, an annular piece of stainless steel
plate was placed in the plane of the nozzle exit to prevent
entrainment of ambient air from behind the nozzle; this en-
sured the assumed condition of a jet exhausting into a medium
at rest.

It was desirable to direct the hot air of the jet vertically
upward so that the angular symmetry of the circular jet would
not be destroyed by natural convection effects and the stabil-
ity of the jet would be enhanced. Since attempts to align the
nozzle before a steady state had been attained resulted in
movement of the nozzle during the transient heating period,
the nozzle was aligned so that the jet axis was vertical after
steady state conditions were reached. In order to do this, the
nozzle assembly was attached to a base table by three leveling
legs and flexible stainless steel pipe was used between the
heater and the nozzle assembly.

All measurements were made at steady state. Two total
head pressure probes and one stagnation temperature probe
were used to measure velocity and temperature profiles in the

Page 952

AIChE Journal

free jet. The total head probe for use in the potential core
and transition regions was of standard design and was 0.025
in. in diameter. A Kiel type of total head pressure probe (14)
was used in the fully developed jet where the flow direction
was not so well known. The miniature stagnation temperature
probe was of a standard design and was about 0.060 in. in
diameter. It contained a chromel-alumel type of thermocouple.

Stagnation temperature and total pressure traverses were
started by aligning telescopically the probe used in the center
of the nozzle at the plane of the nozzle exit. With this loca-
tion as a reference point, the probe could be moved to any
position in the free jet flow by using the probe positioning
jig. which was constructed from three lathe drive mechanisms
and could position the probes within 0.001 in. of the desired
location. The probe positioning jig was mounted on leveling
legs and could be aligned so that one probe movement was
along the axis of the jet.

Measurement of the axial decay of velocity and tempera-
ture was made at axial distances up to twelve to fourteen
nozzle diameters. Radial traverses were usually made at axial
distances of four, eight, and eleven nozzle diameters. Data
were taken with both V4- and 3%-in. diameter nozzles at
initial jet Mach numbers from 0.6 to 0.85 and at initial jet
temperature ratios (#;/t,) from 2.2 to 2.92. Velocity and tem-
perature were calculated from the original data which were
taken as total head pressure and stagnation temperature.
Transducers were used to measure the total head pressures,
while the stagnation temperatures were recorded on a multi-
point recording potentiometer.

RESULTS

The results of the numerical calculations are compared
with the experimental data of Corrsin and Uberoi (I)
in Figures 4 and 5. The jet Mach number (M) and the
jet temperature ratio (#;/ts or P,) at which these data
were taken were about 0.07 and 2.0, respectively. Figure
4 shows the results of the calculations compared with data
for the axial decay of axial velocity and temperature. Cal-
culated radial distributions of axial velocity and tempera-
ture at Z = 15 are compared with the experimental data
of Corrsin and Uberoi in Figure 5.

Calculated results are compared with experimental data
from two experimental runs of the present investigation
(15) in Figures 6 through 10. A comparison of the cal-
culated axial decay of axial velocity and temperature with
data from one experimental run made with a 33 in. diam-
eter nozzle at a jet Mach number and temperature ratio of
0.631 and 2.72, respectively, is shown in Figure 6. Radial
distributions of axial velocity and temperature at Z = 11
are compared with data from the same experimental run
in Figure 7. Data for the decay of axial velocity and tem-
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Fig. 9. Comparison of the analysis with experimental data for the
radial disteibution of axial velocity and temperature at Z —= 4.
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perature from an experimental run made with a %-in.
diameter nozzle at a jet Mach number of 0.755 and a jet
temperature ratio of 2.68 are compared with the calcu-
lated results in Figure 8. Data for the radial variation of
axial velocity and temperature are compared with the cal-
culated results at Z = 4, which is at the end of the core
region and the beginning of the transition region, and at
Z = 11, which is in the fully developed jets, in Figures
9 and 10.

The effect of the initial free jet Mach number on the
axial decay of axial velocity is shown in Figure 11. Al-
though there is a small difference in the initial jet tem-
perature ratios for the two runs for which data is shown
here, the effect of this difference is small compared with
the effect of the difference in the initial jet Mach numbers.
Also, calculated results for the radial distribution of the
radial velocity component in the free jet are shown in
Figure 12. There were no experimental measurements of
radial velocity available for comparison with the calcu-
lated results.

DISCUSSION

It is evident that there is good general agreement be-
tween the calculated axial velocity and temperature pro-
files- and the experimental results of this and previous in-
vestigations. There are some minor deviations between
experiment and calculation, especially in the jet transition
region. These are probably due to oversimplifications in
the forms used for the eddy transfer coefficients.

The calculated radial distributions of velocities in the
axial direction and temperatures consistently predict
slightly lower velocities and temperatures over most of
the radial distribution than are found experimentally.
Much larger deviations occur, especially for high Mach
numbers flows, if the viscous dissipation term of the en-
ergy equation [the last term of Equations (6) and (14)]
is not included. At very large radial distances the calcu-
lated quantities become higher than the experimentally
determined ones, but this deviation is very minor consid-
ering the accuracy of the data at positions far from the
jet axis.

It is possible that there should be a function of radial
position included in the transfer coefficient expressions to
improve the agreement between calculated radial distribu-
tions and experimental data. However, because of the
magnitude of the deviations and the lack of knowledge of
the turbulent structure of compressible free jets, it was
not deemed justifiable to include such a modification at
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Fig. 10. Comparison of the analysis with experimental data for
the radial distribution of axial velocity and temperature at Z = 11.
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Fig. 11. The effect of initial jet Mach number on the axial decay
of axial yelocity.

this time. The possibility that the differences in the results
occur because the radial position chosen to represent an
infinite radial distance in the numerical calculations is not
large enough was investigated. Extensive calculations
showed that this was not a factor.

The results demonstrate that the specification of only
two injtial properties suffices to provide the velocity and
temperature characteristics of the compressible turbulent
free jet. These are the jet Mach number and the jet tem-
perature ratio.

The effects of the jet temperature ratio and jet Mach
number on the axial decay of velocity and temperature re-
ported by Warren (4) have been corroborated. That is,
for a given jet Mach number, an increase in the jet tem-
perature ratio causes a more rapid decay of velocity and
temperature; while for a given jet temperature, an in-
crease in the jet Mach number causes a less rapid decay
of the two quantities. The effect of jet Mach number on
axial decay is illustrated in Figure 11.

Another advantage of the present calculational method
is that calculated results for the radial distribution of the
radial velocity component can also be obtained. The posi-
tive radial velocity near the jet axis is thought to be
caused by the spread of the jet as it moves downstream,
while the negative (inward) radial velocity at the larger
radjal distances is thought to be caused by the entrain-
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Fig. 12. Calculated radial distribution of radial velocity at Z = 11.
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ment of ambient air. Experimental measurement of this
velocity component will have to await the use of more
sensitive techniques such as hot-wire anemometry.

CONCLUSIONS

A finite-difference calculational technique has made
possible a fairly simple yet very general solution of the
boundary-layer conservation equations for a compressible,
turbulent, axially symmetric free jet. The generality of
the present solution has eliminated the need for some of
the simplifying assumptions that were required in pre-
vious investigations in order to obtain a solution. Modifi-
cations of eddy transfer coefficients given in the literature
result in solutions which agree well with experimental
data. However, the finite-difference technique has been
set up so that even more complex forms of eddy transfer
coefficients can be inserted when the accuracy of the
available data justifies it. Another advantage of this cal-
culational method is that distributions of the radial com-
ponent of velocity are also obtained.

The jet Mach number and the jet temperature ratio are
the only two initial jet properties which are necessary to
obtain a good description of the compressible turbulent
free jet flow.in terms of dimensionless variables. The axial
velocity and temperature has been found to decay faster
when jet Mach numbers are decreased or jet temperature
ratios are increased.

The experimental system which has been developed has
been found to give repeatable data on the variation of
velocity and temperature in a compressible, turbulent,
axially symmetric free jet. An experimental program has
been carried out, as part of a study of impinging jets, to
obtain free jet data at a variety of initial jet conditions
where there was a lack of experimental data, namely, at
high initial jet temperatures and high subsonic Mach
numbers.
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NOTATION

A, = constant in dimensionless momentum equation,
defined by Equation (13)

Ap = constant in dimensjonless energy equation defined

by Equation (15)

C, = heat capacity at constant pressure
D = diameter of the jet nozzle
f+(Z) = function defining the axial dependence of the

eddy momentum transfer coefficient, defined by
Equation (10)

fr(Z) = tunction defining the axial dependence of the
eddy thermal conductivity, defined by Equation

(11)

I = number of last line of finite-difference network
in Z direction

J = number of last point of finite-difference network

in R direction
k(M) = function defining the Mach number dependence
of the eddy momentum transfer coefficient and

Page 954

AIChE Journal

the eddy thermal conductivity, defined by Equa-
tion (10)

M = initial jet Mach number

Ng, = Eckert number, defined by Equation (16)

Np, = turbulent Prandtl number, C, p €/x

r = radial coordinate

rs = radial coordinate at point in jet where v./v.u =
0.5

Te = radial coordinate of inner boundary of potential
core for velocity

R = dimensionless radial coordinate, r/D

t = temperature

T = dimensionless temperature, (¥ — t,)/(t; — 14)

v, = radlal velocity

Ve = dimensionless radial velocity, v,/0,;

v, = axial velocity

V; = dimensionless axial velocity, v./vz;

z = axial coordinate

Z = dimensional axial coordinate, z/D

Greek Letters
AZ = finite-difference step size in axial direction

AR = finite-difference step size in radial direction
e, = eddy kinematic viscosity

K = eddy thermal conductivity

p = density

P = dimensionless density, p/p;

Subscripts

a = properties of ambient receiving medium

cv = potential core for velocity

ct = potential core for temperature

i = initial properties of jet

M = property on jet axis

T = energy equation

v = momentum equation

r, B = radial component

z,Z = axial component

5 = properties at the point in the jet where v,/v.m
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